Molecular dynamics simulations have been performed on TIP4P/2005 supercooled water to investigate the molecular diffusion and shear viscosity at various timescales and assess the Stokes-Einstein (SE) and Stokes-Einstein-Debye (SED) relations. For this purpose, we calculated various time correlation functions, such as the mean-squared displacement, stress relaxation function, density correlation function, hydrogen-bond correlation function, rotational correlation function of molecular orientation, non-Gaussian parameter, and four-point correlation function. Our study of the SE and SED relations indicates that the transport coefficients and timescales obtained using these time correlation functions may be classified into two distinct classes: those governed by either mobile or immobile molecules, due to dynamical heterogeneity. In particular, we show that the stress relaxation time, hydrogen-bond lifetime, and large-angle rotational relaxation time are coupled with translational diffusion, and are characterized by mobile molecules. In contrast, the structural αrelaxation time, small-angle rotational relaxation time, and characteristic timescales of four-point correlation functions are decoupled with translational diffusion, and are governed by immobile molecules. This decoupling results in a violation of the SE relation. These results indicate that the identification of timescales that appropriately characterize transport coefficients, such as translational diffusion constant and shear viscosity, provides a deep insight into the violation of the SE and SED relations in glass-forming liquids.
. Scattering and spectroscopic experiments provide data for various timescales, such as the structural α-relaxation time τ α of the density correlation function and relaxation times for molecular reorientation τ ℓ , obtained using the ℓ-th order of the Legendre polynomial. Moreover, transport coefficients such as shear viscosity and diffusion constant play a crucial role in characterizing the slow dynamics of glass-forming liquids in the vicinity of the glass transition temperature [3, 4] The Stokes-Einstein (SE) relation, D t −1 ∝ η/T , and the Stokes-Einstein-Debye (SED) relation, τ ℓ ∝ η/T (or D t −1 ∝ τ ℓ ), are thought to comprise the key characteristics necessary to provide the required unified description of structural relaxation. Here, T , η, and D t denote the temperature, the shear viscosity, and the translational diffusion constant, respectively. In fact, these SE and SED relations typically break down in the case of supercooled states, which is regarded as a hallmark of the spatially heterogeneous dynamics that are characterized by the non-Gaussian and the non-exponential nature of various time correlation functions [2, 5, 6] . In particular, the violations of SE and SED relations indicate decouplings between the molecular diffusion and the shear viscosity [7] [8] [9] [10] . Thus, it is necessary to reveal the link between transport coefficients and the characteristic timescales, and many theoretical studies have been devoted to this issue [11, 12] .
Molecular dynamics (MD) simulations of model glass-forming liquids have been previously conducted in order to investigate the violation of the SE relation [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . Whether the temperature dependence of shear viscosity η may be replaced by the αrelaxation time τ α is a controversial issue [22] . However, numerical calculations of η have demonstrated τ α ∝ η/T in both fragile and strong glass-formers, indicating that D t τ α is a good indicator for D t η/T , even in supercooled states [15, 25] . The violation of the SED relation in supercooled molecular liquids has also been examined using MD simulations [32] [33] [34] . However, there has been no direct assessment of the quantity τ ℓ T /η through the variation of ℓ. Instead, the temperature dependence of D t τ ℓ with ℓ = 2 has been mainly quantified, which is comparable to the results of experimental analysis [5, 6] . Furthermore, the connection between τ α and τ ℓ for varying the degree ℓ remains elusive, particularly in supercooled states, and thus particular care should be taken when discussing the coupling of translational and rotational molecular motions.
The system of supercooled water has attracted much attention owing to its capacity for elucidating the mechanism underlying SE and SED relations through both experiments and simulations . Comprehensive numerical calculations of the shear viscosity enabled the precise evaluation of SE and SED relations [51, 55] . In particular, it was demonstrated that the shear viscosity η can be represented by the approximation η ≈ G p τ η Γ(1/β η )/β η , with the Gamma function Γ(x), according to the approximation, G η (t) ≈ G p exp{−(t/τ η ) βη }, for the long time behavior of G η (t) [51] . Here, G p , τ η , and β η denote the plateau modulus, the stress relaxation time, and the degree of non-exponentiality of the stress correlation function G η (t), respectively. In contrast, the translational diffusion constant D t is governed by hydrogen-bond (Hbond) breakage processes, leading to the proportional relationship of D −1 t ∝ τ HB with the H-bond lifetime, τ HB [51] . An analogous relationship has been demonstrated in both fragile supercooled liquids [24] and silica-like strong supercooled liquids [25] , where the bond-breakage method was used to characterize changes in local connectivity of molecules [14, [56] [57] [58] [59] . Furthermore, we previously conducted a comprehensive investigation into the SED relations, τ ℓ T /η and D t τ ℓ , for various τ ℓ [55] . It was demonstrated that these SED relations shows a strong dependence on the degree ℓ: the higher-order τ ℓ values exhibit a temperature dependence similar to that of η/T , whereas the lowest-order τ ℓ values are coupled with D t .
In this study, we examine the roles of characteristic timescales, including the αrelaxation time τ α , H-bond lifetime τ HB , rotational relaxation times τ ℓ (ℓ = 1 and 6), stress relaxation time τ η , and the timescales of non-Gaussian parameters and four-point dynamic correlations, in the SE and SED relations. In particular, the aim is to classify these timescales into two classes: those are coupled or decoupled with D t (or η/T ). We also discuss this classification in terms of the mobile/immobile contributions of the dynamic heterogeneities in supercooled water. The rest structure of the paper is organized as follows: In Sec. 2, we describe the MD simulations of supercooled water using the TIP4P/2005 model. In Sec. 3, we describe the numerical calculations of various timescales and discuss their temperature dependence, compared with those of D t and η/T . In Sec. 4, we summarize our conclusions.
MD Simulations
We performed MD simulations of liquid water using the Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) [60] , and used the TIP4P/2005 water model [61] . There are various studies in the literature of MD simulations used to investigate various properties in supercooled states of this model [53, 54, [62] [63] [64] [65] [66] [67] [68] [69] . In the present study, in order to obtain equilibrated initial configurations, we performed simulations with the NV T ensembles for N = 1, 000 water molecules at various temperatures (T = 300, 280, 260, 250, 240, 230, 220, 210, 200, and 190 K) at a fixed mass density of ρ = 1 g cm −3 . The corresponding linear dimension was L = 31.04 A. The NV E ensemble simulations were conducted after the equilibration, remaining at each temperature for a sufficiently long-time periods, from which the various time correlation functions were calculated. Periodic boundary conditions were utilized in all the simulations, with a simulation time step of 1 fs. 
Results and discussion

Mean-squared displacement and translational diffusion constant
As an important component of the SE relation, we quantified the translational diffusion constant D t . To this end, we calculated the mean squared displacement,
where r j (t) represents the position of j-th O atom at time t. The bracket · · · indicates an average over the initial time 0. In Fig. 1(a) , ∆r(t) 2 is plotted for various temperatures. For each temperature, the ballistic behavior, ∆r(t) 2 ∝ t 2 , is observed in the short time region. The diffusive behavior, ∆r(t) 2 ∝ t, eventually develops in the long time region. The plateau that is observed in the intermediate region is pronounced upon supercooling, indicating cage effects related to the presence of neighboring molecules. The translational diffusion constant D t is determined from the long time behavior of ∆r(t) 2 using the Einstein relation, D t = lim t→∞ ∆r(t) 2 /6t. The solid lines in Fig. 1 (a) are the results of the fitting with ∆r(t) 2 = 6D t t. 
Stress correlation function and shear viscosity
In order to obtain the shear viscosity η as another essential component of the SE relation, the autocorrelation function of the off-diagonal stress tensor was calculated, which is given by
where V is the volume of the system and σ αβ represents the αβ(= x, y, z) components of the off-diagonal stress tensor. The average stress correlation function is then defined as G η (t) = (G xy (t) + G xz (t) + G yz (t))/3. G η (t) is plotted in Fig. 1 (b) , for various temperatures. The instantaneous time correlation G η (0) corresponds to the instantaneous or affine shear modulus G ∞ . In the short time region, G η (t) shows large fluctuations, which are attributed to vibrational motions observed in network forming liquids such as silica glass [25] . The G η (t) plateaus in the intermediate time region, particularly at lower temperatures, which is the so-called the plateau modulus. G η (t) finally decays to zero at longer timescales. The shear viscosity η is determined from the integral of G η (t) as
using the Green-Kubo formula. Furthermore, we examine the stress relaxation time τ η of G η (t). The long time behavior of G η (t) is fitted using the Kohlrausch-Williams-Watts (KWW) stretched-exponential function, G p exp{−(t/τ η ) βη }. Here, G p and τ η denote the plateau modulus and the stress relaxation time, respectively. The exponent β η (< 1) relates to the degree of non-exponentiality of G η (t). The gray solid lines in Fig. 1(b) indicate those fitting results. The SE ratio D t η/T as a function of the inverse of the temperature is displayed in Fig. 5(a) . This plot demonstrates the violation of the SE relation for temperatures below 240 K.
Incoherent intermediate scattering function and α-relaxation time
As an alternative to η, the structural α-relaxation time τ α has been frequently used in discussions of the violation of the SE relation, which is obtained from the incoherent intermediate scattering function given by
Here, r j (t) is the position vector of the O atom of the water molecule j at time t. The wave number k = |k| was set to k = 3.0Å −1 , which corresponds to the first peak position of the static structure factors S(k) of the O atom. F s (k, t) is plotted for various temperatures in Fig. 1 (c) . A two-step relaxation in F s (k, t) is observed upon supercooling. The α-relaxation time τ α is determined by the fitting F s (k, t) with the KWW function, i.e.,
where f c , τ s , τ α , and β α are the fitting parameters [23] . The exponent β α is the degree of non-exponentiality of F s (k, t).
The quantity D t τ α is plotted in Fig. 5(a) for various temperatures. These results show that the violation of the SE relation is explained in terms of D t τ α , suggesting the proportional relationship, τ α ∝ η/T .
Hydrogen-bond breakage and its lifetime
Next, we focus on the H-bond life time τ HB , which is thought to be a type of structural relaxation of molecules in the case of liquid water. However, it will be demonstrated that τ HB behaves differently from η/T and τ α . The dynamics of H-bond network rearrangement was investigated using the correlation function,
where h ij (t) denotes the H-bond indicator between i-th and j-th molecules at a time t [70] [71] [72] [73] [74] . In this study, the H-bond is defined by the r-definition, where only the intermolecular O-H distance r OH is investigated [75] . h ij (t) = 1 if the r OH between the i-th and j-th molecules is less than 2.4Å, corresponding to the first minimum of the radial distribution function g OH (r), and h ij (t) = 0 otherwise. The time dependence of C HB (t) is given in Fig. 1(d) , where the decay time of C HB (t) increases with decreasing the temperature. However, they do not show the two-step relaxation for all temperatures, contrary to the observations of F s (k, t). The H-bond lifetime τ HB is determined by the fitting C HB (t) with the KWW functions, exp{−(t/τ HB ) β HB }, where the exponent β HB is the degree of non-exponentiality of C HB (t). The gray solid lines in Fig. 1 (d) indicate the results of the KWW fittings. Note that the H-bond correlation function C HB has a form that is essentially identical to the bond-breakage method, which has been applied to various supercooled liquids [14, 24, 25, [56] [57] [58] [59] . These previous studies have demonstrated that the bond-breakage method is a remarkable method for characterizing "genuine" configurational rearrangements in supercooled states. Figure 5 (b) provides the temperature dependence of D t τ HB for various temperatures. Remarkably, these plots reveal that τ HB is coupled with D t , which differs from τ α . This result can be thought of as the preservation of the SE relation [51] . Furthermore, this preservation of the SE relation is interpreted in terms of the observation that D t and τ HB are governed by molecules with jump/fast motions [24, 25, 51] . In contrast, we will show that η and τ α are governed by immobile molecules with dynamic heterogeneities.
Rotational relaxation times
Molecular reorientations are often characterized by the rotational correlation function,
where e j (t) is the normalized polarization vector of molecule j and P ℓ [x] is the ℓ-th order Legendre polynomial as a function of x. In the present study, we examine the ℓ-th (ℓ = 1 and 6) order rotational relaxation function C ℓ (t). Plots of C ℓ (t) are provided in Fig. 2(a) and (b), with ℓ = 1 and 6, respectively. The gray solid lines represent the fitting results of the KWW function, A ℓ exp {−(t/τ ℓ ) β ℓ }. The rotational relaxation time τ 1 and τ 6 were quantified as a result of this fitting procedure. The SED ratio D t τ 6 is given in Fig. 5(a) as a function of the inverse of the temperature. This result shows the violation of the SE relation. However, another ratio D t τ 1 indicates the preservation of the SED relation, as shown in Fig. 5(b) . This conflicting result can be understood as follows: τ 1 is characterized by the molecular reorientation related to large rotational movements, which are mostly large translational jump motions. Therefore, τ 1 is coupled with D t . On the contrary, the small angular rotational movements characterizing τ 6 are governed by "immobile" molecules, which is decoupled with D t , particularly at lower temperatures.
Characterizations of dynamic heterogeneities -four-point correlation functions
In order to elucidate the degree of dynamic heterogeneities and the related characteristic timescales in supercooled water, we examine the four-points correlation functions for translational and rotational motions [76] . The four-point correlation function χ t 4 (t) for translational motion is defined by the variance of the intermediate scattering function
whereF s (t) = (1/N) N j=1 cos[k · ∆r j (t)]. The wave number k = |k| was set to k =3.0 A −1 . The rotational four-point correlation function χ r 4 (t) can be analogously defined as
whereĈ ℓ (t) = (1/N) N j=1 P ℓ [e j (t) · e j (0)]. The order of the Legendre polynomial was set to ℓ = 6. Figure 3 shows the temperature dependence of the four-point correlation functions, χ t 4 (t) and χ r 4 (t). The peak times of χ t 4 (t) and χ r 4 (t) are quantified and denoted by τ t and τ r , respectively. We find that upon supercooling the peak heights increase, together with an increase in their peak times τ t and τ r are also increased. Figure 5 (a) shows a plot of D t τ t and D t τ r as a function of the inverse of the temperature. Both quantities exhibit a temperature dependence similar to that observed in the case of the violation of the SE relation. This indicates that the characteristic timescales of translational and rotational dynamic heterogeneities are coupled with η/T and τ α .
Characterizations of dynamic heterogeneities -non Gaussian parameters
Finally, we elucidate the role of "mobile" and "immobile" molecules with dynamical heterogeneities on the SE and SED relations. First, we investigate the non-Gaussian parameter (NGP) that mainly characterizes the displacements of "mobile" molecules [77, 78] . The equation is given by
Second, to emphasize the effect of "immobile" molecules, another type of non-Gaussian parameter is defined by
which is referred to as the new non-Gaussian parameter (NNGP) [79] . Figure 4 shows the time evolutions of NGP α 2 (t) and NNGP γ(t) at various temperatures. The peak heights of α 2 (t) and γ(t) increase with decreasing the temperature. This means that the dynamics are more heterogeneous upon supercooling. Their peak times are denoted by τ ngp and τ nngp , respectively. The corresponding temperature dependences D t τ ngp and D t τ nngp are given in Fig. 5(a) and Fig. 5(b) , respectively. As shown in Fig. 5(a) , the timescale of the "immobile" molecules, τ nngp , follows the temperature dependence observed for the violation of the SE relation, D t η/T and D t τ α . It is eventually concluded that the timescales, τ α , τ 6 , τ t , and τ r are dominated by "immobile" molecules of dynamic heterogeneities. By contrast, Fig. 5 (b) demonstrates that τ ngp follows the preservation of the SE relation. In this case, the timescales that are coupled with D t , τ η , τ HB , and τ 1 , are dominated by "mobile" molecules with dynamic heterogeneities.
Conclusion
In this study, we performed MD simulations on supercooled liquid water using the TIP4P/2005 model. We determined the temperature dependence of transport coefficients such as the translational diffusion constant D t and shear viscosity η, together with the timescales characterizing the dramatic slowing down of glassy dynamics. The SE relation, D t η/T , was also thoroughly assessed. The temperature dependence of two transport coefficients are completely decoupled with decreasing the temperature, suggesting the violation of the SE relation in supercooled water. Furthermore, the SED relations τ ℓ T /η and D t τ ℓ were investigated. We determined that these SED relations exhibit a strong dependence on the order ℓ of the Legendre polynomial, i.e., the examined angle of molecular reorientations. These assessments of the SE and SED relations enabled the classification of various characteristic timescales into just two classes; dominated by "mobile" and "immobile" molecules of dynamical heterogeneities, depending on the degree of coupling with the translational diffusion constant D t . Moreover, D t is coupled with the H-bond lifetime τ HB that is governed by mobile molecules that exhibit large molecular displacement amplitudes. These coupling dynamics indicate the preservation of the SE relation, which was rationalized by the peak time of NGP, τ ngp , which characterize the mobile molecules of dynamic heterogeneities. In addition, the stress relaxation time τ η and the rotational relaxation time τ 1 that is accompanied by a large angle amplitude, show the temperature dependence similar to that of D t , which is also governed by mobile molecules.
In contrast, η/T is proportional to the structural α-relaxation time τ α that is quantified by the density correlation function. This implies the violation of the SE relation (the decoupling between η/T and D t ) that are related to immobile molecules of dynamic heterogeneities. In fact, the peak time of NNGP, τ nngp that characterize the contribution of immobile molecules shows the temperature dependence similar to that of the violation of the SE relation. As discussed, the shear viscosity η is represented by η ≈ G p τ η Γ(1/β η )/β η using the Green-Kubo formula [51] . The violation of the SE relation is thus expressed by D t η/T ∝ G p Γ(1/β η )/(T β η ), using the observed relationships, D t −1 ∝ τ HB and D t −1 ∝ τ η . Furthermore, we show that the rotational relaxation time for a small-angle amplitude, τ 6 , and the peak times of both translational and the peak times of rotational four-point correlation functions, τ t and τ r , are also governed by immobile molecules. These are decoupled with D t , but instead exhibit the temperature dependence similar to η/T .
The identification of timescales that appropriately characterize the transport coefficients, D t and η, paves the way to a deeper understanding of the violation of SE relation that is generally observed in various glass-forming liquids. In particular, the violation of the SE relation is directly relevance to the decoupling between the αrelaxation time τ α and both the stress relaxation time τ η and the H-bond lifetime τ HB in supercooled water. Further investigations should be undertaken in order to clarify this issue and obtain a unified description of structural relaxation in glass-forming liquids.
